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Abstract
In this short note, we give a characterization of Fre´chet spaces via
properties of their metric. This allows us to prove that the Hausdorff
measure of noncompactness (MNC), defined over Fre´chet spaces, is indeed
an MNC. As first applications, we lift well-known fixed-point theorems for
contractive and condensing operators to the setting of Fre´chet spaces.
1 Introduction
In this short note, we give a characterization of Fre´chet spaces via properties
of their metric. This allows us to prove that the Hausdorff measure of noncom-
pactness (MNC), defined over Fre´chet spaces, is indeed an MNC, which was an
open problem before. Recall that the defining property of an MNC is invariance
under convex hulls. While the definition of the Hausdorff MNC over Fre´chet
spaces is well-known, see e.g., [AKP+92, AV05], a formal proof that it is actually
an MNC was only known in the setting of Banach spaces, see e.g., [ADPV04].
Past research on MNC in the setting of metric spaces [Tal77, Gaj05] required the
existence of certain convex structures, based on the work of Takahashi [Tak70].
Their existence in the context of Fre´chet spaces was not proven. We prove their
existence with the help of the mentioned characterization.
We think that our main result, the invariance of the Hausdorff MNC under
convex hulls in Fre´chet spaces, will find many applications in the future. As
first applications, we lift well-known fixed-point theorems for contractive and
condensing operators of Darbo and Sadovski˘ı type to the setting of Fre´chet
spaces.
Substantial parts of this work have been taken from a submitted thesis of
the author [Wun20]. Nevertheless, all relevant contents is either presented here
or can be found in accessible references.
2 Characterization of Fre´chet Spaces
Recall that a metric vector space (E, d) is a vector space E and a metric space
(E, d), equipped with a translation-invariant metric d, i.e., d(x, y) = d(x+z, y+
z) for all x, y, z ∈ E. We need the following folklore result on such metrics.
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Lemma 1 (Folklore). Let d be a translation-invariant metric. Then for all
x1, x2, y1, y2 ∈ E, we have
d(x1 + x2, y1 + y2) ≤ d(x1, y1) + d(x2, y2) . (1)
Proof. First of all, for all z1, z2 ∈ E, we have
d(0, z1 + z2) ≤ d(0, z1) + d(z1, z1 + z2) = d(0, z1) + d(0, z2) . (2)
Then
d(x1 + x2, y1 + y2) = d(0, (y1 + y2)− (x1 + x2)) = d(0, (y1 − x1) + (y2 − x2))
≤ d(0, y1 − x1) + d(0, y2 − x2) = d(x1, y1) + d(x2, y2) .
The translation-invariant metric d of a metric vector space (E, d) induces a
uniform topology on E, which makes E a t.v.s.. A t.v.s. E is called metrizable,
if there exists a translation-invariant metric d on E inducing the topology of E.
Recall that a Fre´chet space is a complete and metrizable l.c.s.. The differ-
entiating property between complete and metrizable t.v.s. and l.c.s. is exactly
the following.
Theorem 2 (Characterization Fre´chet). Let E be a complete and metrizable
t.v.s.. Then E is a Fre´chet space iff there exists a translation-invariant metric
d on E such that for all x, y ∈ E and λ ∈ [0, 1] we have
d(λ · x, λ · y) ≤ λ · d(x, y) . (3)
Proof. We modify the proof in [SW99, I.6.1]. There, a pseudonorm |x| is con-
structed by a base of 0-neighborhoods Vn. The metric is then obtained via
d(x, y) = |y − x| and vice versa. As E is an l.c.s., we can assume that these Vn
are not only circled but absolutely-convex, and that 2 · Vn+1 = Vn. We prove
|2−k · x| ≤ 2−k · |x| for arbitrary x ∈ E and k ≥ 1. Then by dyadic expansion
and the triangle inequality, we obtain |λ · x| ≤ λ · |x| for all real λ ∈ [0, 1]. Set
VH :=
∑
n∈H Vn for finite H ⊆ N. Then Vk+H =
∑
n∈H Vk+n =
∑
n∈H 2
k ·Vn =
2k · (
∑
n∈H Vn) = 2
k · VH . Hence, 2
−k · x ∈ VH iff x ∈ 2
k · VH iff x ∈ Vk+H . For
the numbers pH :=
∑
n∈H 2
−n we get pk+H = 2
−k · pH .
Given arbitrary ǫ > 0, let H be such that |x| ≤ pH − ǫ. Then 2
−k · x ∈ VH
implies x ∈ Vk+H , and hence |2
−k · x| ≤ pk+H = 2
−k · pH ≤ 2
−k · (|x| − ǫ).
The Lebesgue spaces Lp give nice examples to show, when this stronger
inequality (3) holds and when it does not. Let λ ∈ [0, 1]. For 1 ≤ p ≤ ∞,
space Lp is a normed and thus a Fre´chet space, and we have d(λ · x, λ · y) :=
‖λ · (y − x)‖p = λ · d(x, y). In contrast, for 0 < p < 1, space L
p is only a
complete and metrizable t.v.s., and not an l.c.s.. Here, we have d(λ · x, λ · y) =∫
|λ · (y − x)|p = λp · d(x, y) > λ · d(x, y) for λ ∈]0, 1[.
3 Application to Hausdorff MNC
An important part of Functional Analysis is concerned with measures of non-
compactness, see [AKP+92] for a systematic exposition of this topic. A measure
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of noncompactness quantifies the deviation of a bounded subset of a space from
being compact. We remark that this notion does not make sense in Montel
spaces, where bounded and compact sets are not distinct.
The most general definition is as follows, see also [AKP+92, 1.2.1]: Let E
be a l.c.s., and let (Q,≤) be a partially-ordered set. A map χ : 2E → Q is
called a measure of noncompactness (MNC), if for all subsets A ⊆ E we have
χ(A) = χ(co(A)). We note that going beyond l.c.s. to general t.v.s. does not
make sense, because only for l.c.s. it is ensured that the convex hull of a compact
set stays compact, see [SW99, II.4.3].
The Hausdorff MNC, α, is a typical example. Another example, not treated
here, is the Kuratowksi MNC, which is actually equivalent to the Hausdorff
MNC, see [AKP+92, 1.1.1, 1.1.7].
Let E be a Fre´chet space, and let M ⊆ E. The (Hausdorff) measure of
noncompactness of M is defined by
α(M) := inf {ǫ > 0 |M has a finite ǫ-net in E} . (4)
For some function spaces, explicit formulas are known to compute the Haus-
dorff MNC, see e.g., [AKP+92, 1.1.9–1.1.13] or [AV05, 3.6–3.9].
The Hausdorff MNC, defined over Banach spaces, has the following proper-
ties, see e.g., [ADPV04, Chapter 1, Proposition 1.1]. With literally the same
proofs, one can easily show that the properties also hold for the Hausdorff MNC
α, defined over a Fre´chet space E.
Proposition 3. Let E be a Fre´chet space. For sets M,N ⊆ E, z ∈ E, and
λ ∈ K, we have
(i) α(M) ≤ α(N) for M ⊆ N .
(ii) α(M) = α(M).
(iii) α(z +M) = α(M), i.e., α is translation-invariant.
(iv) α(λ ·M) = |λ| · α(M), i.e., α is homogeneuous.
(v) α(M) = 0 iff M is precompact.
(vi) |α(M) − α(N)| ≤ α(M + N) ≤ α(M) + α(N). The first inequality only
holds in case both subsets are nonempty.
(vii) α(M ∪N) = max{α(M), α(N)}.
(viii) α(B(z, 1)) = 1, if E is infinite-dimensional, and zero otherwise.
(ix) If M1 ⊇ M2 ⊇ . . . is a decreasing sequence of closed sets in E with
α(Mn)→ 0 for n→∞, then the intersection M∞ :=
⋂
nMn is nonempty
and compact.
Interestingly, this does not hold for the defining property of being an MNC.
To the best of our knowledge, it seems to have been an open problem for a long
time. The importance of this defining property has been stressed explicitly in
[AKP+92], see remark above Theorem 1.1.5 there.
Theorem 4. The Hausdorff MNC α, defined over a Fre´chet space E, is indeed
an MNC, i.e., we have α(co(M)) = α(M) for all M ⊆ E.
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We give a direct proof first, and then discuss the existing literature.
Proof. As M ⊆ co(M), then α(M) ≤ α(co(M)) by item (i) from above propo-
sition. For the other direction, let N be a finite η-net for M , η > 0. Define
C := co(N). We have d(x, z) ≤ η for all x ∈ co(M) and z ∈ C. This can be
seen as follows. Point z is a convex combination z =
∑
i λi · zi with zi ∈ N ,
λi ∈ [0, 1], and
∑
i λi = 1. Now, the subtle issue comes: Making use of Lemma
1 in the second and Theorem 2 in the third inequality, we have
d(x, z) = d
(
(
∑
i
λi) · x,
∑
i
λi · zi
)
≤
∑
i
d (λi · x, λi · zi)
≤
∑
i
λi · d(x, zi) ≤
∑
i
λi · η = (
∑
i
λi) · η = 1 · η = η .
In addition, set C is compact, because it is a closed and bounded set in a finite-
dimensional space span(N). As C is compact, for every ǫ > 0, there exists a
finite ǫ-net K for C. Then K is a finite (η + ǫ)-net for co(M).
Concerning MNCs in metric spaces, the book [AKP+92, Section 1.8.1] refers
to a paper of Talman [Tal77], where the Hausdorff MNC is shown to be an
MNC, if the underlying metric space has some special convex structure.
Recall that a Takahashi convex structure (TCS) on a metric space (E, d) is
a mapping W : E × E × [0, 1]→ E such that
d(u,W (x, y, t)) ≤ t · d(u, x) + (1− t) · d(u, y)
for all u, x, y ∈ E and t ∈ [0, 1]. For its properties, see e.g., [Tak70, Mac73,
KY16]. A metric space, together with such a TCS, is then called a convex
metric space.
Talman refined this notion by going up one dimension. Let us call a Talman
convex structure (TmCS) on a metric space (E, d) a mappingK : E×E×E×I →
E, where I := {(λ1, λ2, λ3) ∈ [0, 1] | λ1 + λ2 + λ3 = 1}, such that
d(u,K(x, y, z, t1, t2, t3)) ≤ t1 · d(u, x) + t2 · d(u, y) + t3 · d(u, z)
for all u, x, y, z ∈ E and (t1, t2, t3) ∈ I. If the pointK(x, y, z, t1, t2, t3), satisfying
above relationship, is uniquely determined, then K is called a strong convex
structure (SCS). A metric space, together with an SCS, is then called strongly
convex .
Define the following mappings
W˜ (x, y, t) := t · x+ (1− t) · y , (5)
K˜(x, y, z, t1, t2, t3) := t1 · x+ t2 · y + t3 · z . (6)
Proposition 5. Let E be a Fre´chet space, with given metric d, which is trans-
lation-invariant and has property (3). Then mapping W˜ is a TCS, and mapping
K˜ is a TmCS.
Proof. We have
d(u, K˜(x, y, z, t1, t2, t3)) = d(u, t1 · x+ t2 · y + t3 · z)
= d(t1 · u+ t2 · u+ t3 · u, t1 · x+ t2 · y + t3 · z)
≤ d(t1 · u, t1 · x) + d(t2 · u, t2 · y) + d(t3 · u, t3 · z)
≤ t1 · d(u, x) + t2 · d(u, y) + t3 · d(u, z) .
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The proof for W˜ is analogous.
We thus call W˜ and K˜ the obvious convex structures for Fre´chet spaces.
Interestingly, we remark that their existence was NOT obvious in the past.
Takahashi [Tak70, Section 2, p.142] stated, without giving a reference or giving
an example: “But a Fre´chet space is not necessar[il]y a convex metric space.”
The insight of our work may be that one can always find the “right” metric
(translation-invariant and property (3)) such that a TCS exists (the obvious
one).
Given a metric space (E, d) and a TCS W , a subset C ⊆ E is called W -
convex, iff W (x, y, t) ∈ C for all x, y ∈ C and t ∈ [0, 1]. A W -convex subset
C ⊆ E is called stable, if Cr := {x ∈ E | d(x,C) < r} is also W -convex for
every r > 0. An SCS on E is stable, if the set {W (x, y, t) | t ∈ [0, 1]} is stable
for every pair x, y ∈ E. For a strongly convex metric space E, an SCS W is
stable iff every W -convex subset of E is stable, [Tal77, Theorem 3.3].
We observe that for a Fre´chet space E and its obvious TCS W˜ , a subset is
convex iff it is W˜ -convex. Furthermore, every convex subset is stable.
Proposition 6. Let E be a Fre´chet space, with given metric d, which is trans-
lation-invariant and has property (3). Then every W˜ -convex subset of E is
stable.
Proof. Let C ⊆ E be convex, and let r > 0. For x, y ∈ Cr, there exist x˜, y˜ ∈ C
such that d(x, x˜), d(y, y˜) < r. For t ∈ [0, 1], define zt := t · x + (1 − t) · y and
zt := t · x˜+ (1 − t) · y˜, respectively. As C is convex, z˜t ∈ C. We have
d(zt, z˜t) = d(t · x+ (1− t) · y, t · x˜+ (1− t) · y˜)
≤ d(t · x, t · x˜) + d((1− t) · y, (1− t) · y˜)
≤ t · d(x, x˜) + (1− t) · d(y, y˜) < t · r + (1− t) · r = r .
Hence, Cr is convex.
Talman [Tal77, Theorem 3.7] proved the following
Theorem 7. Let E be a strongly convex metric space with stable SCS. Then
for all bounded subsets M ⊆ E, we have α(M) = α(co(M)).
The only missing piece, which prevents us from applying this theorem on a
Fre´chet space E, is the unclear uniqueness of the obvious TCS K˜, i.e., is K˜ even
an SCS? We have doubts that such uniqueness holds in arbitrary Fre´chet spaces.
Hence, [AKP+92, Section 1.8.1], just referring to Talman’s paper [Tal77], does
not give a conclusive answer for Fre´chet spaces.
Matters are different with the paper [Gaj05] of Gajic´. For a convex metric
space (E, d,W ), she defines two properties (P) and (Q). Recall that (E, d,W )
has property (P), if for all x1, x2, y1, y2 ∈ E and t ∈ [0, 1], we have
d(W (x1, y1, t),W (x2, y2, t)) ≤ t · d(x1, y1) + (1− t) · d(x2, y2) .
It has property (Q), if for every finite subset F ⊆ E, the W -convex hull of F ,
W -co(F ), is compact.
The following is Theorem 1 in [Gaj05].
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Theorem 8 (Gajic´). Let (E, d,W ) be a convex metric space with TCS W ,
satisfying properties (P) and (Q). Then for all bounded subsets M ⊆ E, we
have α(M) = α(W -co(M)).
A Fre´chet space E, together with translation-invariant metric d having prop-
erty (3) and the obvious TCS W˜ , clearly has properties (P) and (Q). The latter
holds, because convex and W˜ -convex sets equal, and compact sets are closed
under convex hulls in every l.c.s.. Hence, Theorem 8 gives another proof of
Theorem 4.
4 Fixed-Point Theorems
The property of being invariant under convex hulls is a crucial component in
many proofs, involving the Hausdorff MNC. As first applications of our result,
we prove fixed-point theorems for contractive and condensing operators of Darbo
and Sadovski˘ı type. For more information on Fixed-Point Theory, we refer the
reader to the opus magnum of Granas and Dugundji [GD03].
Let E and F be Fre´chet spaces, and let F : E → F be a continuous op-
erator. Analogously to the Banach-space setting, the upper characteristic of
noncompactness is defined by
[F ]A := inf {γ > 0 | α(F (M)) ≤ γ · α(M),M bounded} . (7)
Operator F is called α-contractive, if [F ]A < 1. It is called condensing, if
α(F (M)) < α(M) for every bounded subset M ⊆ E with α(M) > 0.
Theorem 9 (Darbo). Let E be a Fre´chet space, and let F : E → E be α-
contractive. Let M ⊆ E be a nonempty, convex, closed, and bounded set such
that F (M) ⊆M . Then F has a fixed-point in M , i.e., there exists x ∈M with
F (x) ∈M .
Slightly modify the proof in [ADPV04, Section 2.3, Theorem 2.1], using
Theorem 4 in
α(Mn+1) = α(coF (Mn)) = α(coF (Mn)) = α(F (Mn)) ≤ · · · ,
and applying the Theorem of Schauder-Tychonoff instead of the Theorem of
Schauder [GD03, II §7.1, Theorem 1.13].
Theorem 10 (Sadovski˘ı). Let E be a Fre´chet space, and let F : E → E be
condensing. Let M ⊆ E be a nonempty, convex, closed, and bounded set such
that F (M) ⊆M . Then F has a fixed-point in M .
As before, slightly modify the proof in [ADPV04, Section 2.3, Theorem 2.3],
using Theorem 4 in
α(F (Mˆ)) = α(coF (Mˆ)) = α(Φ(Mˆ)) = α(Mˆ) ,
and applying the Theorem of Schauder-Tychonoff instead of the Theorem of
Schauder [GD03, II §7.1, Theorem 1.13].
Even more general, Gajic´ [Gaj05, Theorem 2] proved a fixed-point theo-
rem for condensing set-valued mappings F : E → 2E , i.e., α(M) > 0 implies
α(F (M)) < α(M) for all bounded sets M ⊆ E.
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Theorem 11 (Gajic´). Let (E, d,W ) be a complete TCS with continuous struc-
ture W and satisfying properties (P) and (Q), respectively. Let F : E → 2E
be a set-valued, condensing mapping with W -convex values, closed graph, and
bounded range. Then F has a fixed point, i.e., there exists x ∈ E such that
x ∈ F (x).
From this, using the properties of the obvious TCS W˜ on a Fre´chet space
E, we immediately obtain
Corollary 12. Let E be a Fre´chet space. Let F : E → 2E be a set-valued,
condensing mapping with convex values, closed graph, and bounded range. Then
F has a fixed point.
We think that this is just the beginning of lifting known results from Banach
to Fre´chet spaces. As an outlook, we give two examples of possible future
generalizations: First of all, establishing a Nussbaum-Sadovski˘ı degree and its
properties [ADPV04, Section 3.5] for Fre´chet spaces, secondly, lifting the FMV
and Feng spectra [ADPV04, Chapters 6 and 7] of Nonlinear Spectral Theory.
In the latter case, the defining property of an MNC helps in establishing the
closed- and boundedness of these spectra, see e.g., the proofs of Lemma 6.2 and
Theorem 7.1 in [ADPV04].
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